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THE GENERATING GRAPH OF A PROFINITE GROUP
ANDREA LUCCHINI
Abstract. Let G be 2-generated group. The generating graph Γ(G) of G is
the graph whose vertices are the elements of G and where two vertices g and
h are adjacent if G = 〈g, h〉. This definition can be extended to a 2-generated
profinite group G, considering in this case topological generation. We prove
that the set V (G) of non-isolated vertices of Γ(G) is closed in G and that,
if G is prosoluble, then the graph ∆(G) obtained from Γ(G) by removing its
isolated vertices is connected with diameter at most 3. However we construct
an example of a 2-generated profinite group G with the property that ∆(G) has
2ℵ0 connected components. This implies that the so called “swap conjecture”
does not hold for finitely generated profinite groups. We also prove that if an
element of V (G) has finite degree in the graph Γ(G), then G is finite.
1. Introduction
Given a group G, the generating graph Γ(G) is the graph with vertex set G where
two elements x and y are adjacent if and only if G = 〈x, y〉. There could be many
isolated vertices in this graph. All of the elements in the Frattini subgroup will be
isolated vertices, but we can also find isolated vertices outside the Frattini subgroup
(for example, the elements of the Klein subgroup are isolated vertices in Γ(Sym(4))).
Several strong structural results about Γ(G) are known in the case where G is
simple, and this reflects the rich group theoretic structure of these groups. For
example, if G is a nonabelian simple group, then the only isolated vertex of Γ(G)
is the identity and the graph ∆(G) obtained by removing the isolated vertex is
connected with diameter two and, if G is sufficiently large, admits a Hamiltonian
cycle. In [5], it is proved that ∆(G) is connected, with diameter at most 3, if G is
a finite soluble group.
Clearly the definitions of Γ(G) and ∆(G) can be extended to the case of a 2-
generated profinite group G (in this case we consider topological generation, i.e.
we say that X generates G if the abstract subgroup generated by X is dense in G).
We denote by V (G) the set of the vertices of ∆(G). We will prove in section 2 (see
Proposition 6) that V (G) is a closed subset of G. The profinite group G, being a
compact topological group, can be seen as a probability space. If we denote with
µ(G) the normalized Haar measure on G, so that µ(G) = 1, we may consider the
probability µ(V (G)) that a vertex of the generating graph Γ(G) is non-isolated.
By [4, Remark 2.7(ii)], if G is a 2-generated pronilpotent group, then µ(V (G)) ≥
6/pi2. However is it possible to construct a 2-generated prosoluble group G with
µ(V (G)) = 0. Indeed let H = C22 and let h1, h2, h3 be the nontrivial elements of
H . For each odd prime p, write Np = C
3
p and define G =
(∏
p odd Np
)
⋊H where
for each odd prime p, the subgroup Np is H-stable and for (np,1, np,2, np,3) ∈ Np
1
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and hj ∈ H
(np,1, np,2, np,3)
hj =


(np,1, n
−1
p,2, n
−1
p,3) if j = 1
(n−1p,1, np,2, n
−1
p,3) if j = 2
(n−1p,1, n
−1
p,2, np,3) if j = 3.
The vertex ((np,i)1≤i≤3,p odd;h) is non-isolated in Γ(G) if and only if h = hj for
some 1 ≤ j ≤ 3 and np,j 6= 0 for all p (see [4, Example 2.8] for more details). This
implies
µ(V (G)) =
3
4
∏
p odd
(
1−
1
p
)
= 0.
The neighborhood of a vertex g of the generating graph of G, denoted by NG(g),
is the set of vertices of Γ(G) adjacent to g. The degree of g, denoted by δG(g), is
the number of edges of Γ(G) incident with g. Since G = 〈g, x〉 if and only if there
is no open maximal subgroup of G containing g and x, it follows that
NG(g) = G \
⋃
M∈Mg
M,
whereMg is the set of the open maximal subgroups of G containing g. In particular
NG(g) is a closed subgroup of V (G). The surprising result is that if δG(g) is finite
for some g ∈ V (G), then G is finite. Indeed we have:
Theorem 1. Assume that G is an infinite 2-generated profinite group. Then the
degree of any non-isolated vertex in the generating graph Γ(G) is infinite.
This is a consequence of the following result, concerning the generating graph of
a finite group G.
Theorem 2. Let G be a 2-generated finite group. If g ∈ V (G), then δG(g) ≥ 2t−2,
where t is the length of a chief series of G.
The results concerning the connectivity of ∆(G) when G is a finite soluble group
can be extended with standard arguments to the prosoluble case.
Theorem 3. If G is a 2-generated finite soluble group, then ∆(G) is connected and
diam(∆(G)) ≤ 3.
The bound diam(∆(G)) ≤ 3 given in Theorem 3 is best possible. In [5], a
soluble 2-generated group G of order 210 · 32 with diam(∆(G)) = 3 is constructed.
However in [5] it is proved that diam(∆(G)) ≤ 2 in some relevant cases. These
results can be extended to the profinite case, with the same arguments used in the
proof of Theorem 3. Suppose that a 2-generated prosoluble soluble group G has the
property that |EndG(V )| > 2 for every nontrivial irreducible G-module V which
is G-isomorphic to a complemented chief factor of G. Then diam(∆(G)) ≤ 2. In
particular diam(∆(G)) ≤ 2 if the derived subgroup of G is pronilpotent or has odd
order (as a supernatural number).
No example is known of a 2-generated finite group G for which ∆(G) is discon-
nected, and it is an open problem whether or not ∆(G) is connected when G is an
arbitrary finite group. The situation is different in the profinite case.
Theorem 4. There exists a 2-generated profinite group G with the property that
V (G) is the disjoint union of 2ℵ0 connected components. Moreover each connected
component is dense in V (G).
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The previous theorem implies that the “swap conjecture” is not satisfied by
the 2-generated profinite groups. Recall that the swap conjecture concerns the
connectivity of the graph Σd(G) in which the vertices are the ordered generating
d-tuples and two vertices (x1, . . . , xd) and (y1, . . . , yd) are adjacent if and only if
they differ only by one entry. Tennant and Turner [8] conjectured that the swap
graph is connected for every group. Roman’kov [6] proved that the free metabelian
group of rank 3 does not satisfy this conjecture but no counterexample is known
in the class of finite groups. However, by Lemma 10 in section 3, it follows from
Theorem 4 that there exists a 2-generated profinite group with the property that
the graph Σ2(G) has 2
ℵ0 connected components.
2. Some properties of Γ(G)
We begin this section, proving a criterion to decide when a vertex x of the
generating graph Γ(G) of a profinite group G is non-isolated.
Lemma 5. Let G be a 2-generated profinite group. Then x ∈ V (G) if and only if
xN ∈ V (G/N) for every open normal subgroup N of G.
Proof. LetN be the set of the open normal subgroups of G. Assume xN ∈ V (G/N)
for every N ∈ N . Given N ∈ N , let ΩN = {y ∈ G | 〈x, y〉N = G}. Notice that
if y ∈ ΩN , then yN ⊆ ΩN and consequently ΩN , being a union of cosets of the
open subgroup N, is a non-empty closed subset of G. If N1, . . . , Nt ∈ N , then
∅ 6= ΩN1∩···∩Nt ⊆ ΩN1 ∩ · · · ∩ ΩNt . Since G is compact, ∩N∈NΩN 6= ∅. Let
y ∈ ∩N∈NΩN . Since 〈x, y〉N = G for every N ∈ N , we have 〈x, y〉 = G, and
consequently y ∈ V (G). 
Proposition 6. If G is a 2-generated profinite group, then V (G) is a closed sub-
group of G.
Proof. We prove that G \ V (G) is an open subset of G. Let x /∈ V (G). By the
previous lemma, there exists N ∈ N , such that x /∈ V (G/N). This means that
〈x, y〉N 6= G for every y ∈ G, and consequently 〈xn, y〉 6= G for every n ∈ N
and y ∈ G. This implies xN ∩ V (G) = ∅, so xN is an open neighbourhood of x
contained in G \ V (G). 
Proof of Theorem 3. By [5, Theorem 1], for every N in the set N of the open
normal subgroups of G, the graph ∆(G/N) is connected and diam(G/N) ≤ 3. Let
a and b be two distinct elements of V (G). For every N ∈ N , let dN (a, b) be the
distance in the graph ∆(G/N) of the two vertices aN and bN. Let
t := max
N∈N
dN (a, b).
Clearly t ≤ 3. Set M = {N ∈ N | dN (a, b) = t}. If N ∈ N and M ∈ M, then
N ∩M ∈ M, so ∩M∈MM = 1. For every M ∈ M, let
ΩM={(x1, . . . , xt)∈G
t | 〈x1, x2〉M= . . .= 〈xt−1, xt〉M=G, x1M=aM, xtM=bM}.
If (x1, . . . , xt) ∈ ΩM , then (x1, . . . , xt)M t ⊆ ΩM , so ΩM is a closed subset of
Gt. If M1, . . . ,Mu ∈ M, then ∅ 6= ΩM1∩···∩Mu ⊆ ΩM1 ∩ · · · ∩ ΩMu . Since G is
compact, ∩M∈MΩM 6= ∅. Let (x1, . . . , xt) ∈ ∩M∈MΩM . Since 〈x1, x2〉M = · · · =
〈xt−1, xt〉M = G for every M ∈ M, we have 〈x1, x2〉 = · · · = 〈xt−1, xt〉 = G.
Moreover x1 ∈ ∩M∈MaM = {a} and xt ∈ ∩M∈MbM = {b}. We conclude that
(x1, . . . , xt) is a path in ∆(G) joining the vertices a = x1 and b = xt. 
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3. An example
Let Gp = (SL(2, 2
p))δp , where δp is the largest positive integer with the property
that the direct power (SL(2, 2p))δp can be generated by 2-elements. The graph
∆(Gp) is connected for every prime p, and, by [2, Theorem 1.3], there exists an
increasing sequence (pn)n∈N of odd primes, such that diam(∆(Gpn)) ≥ 2
n for every
n ∈ N. Consider the cartesian product
G =
∏
n∈N
Gpn ,
with the product topology. Notice thatG is a 2-generated profinite group. Moreover
∆(G) is the infinite tensor products of the finite graphs ∆(Gpn), n ∈ N, and V (G) =∏
n∈N V (Gpn). Indeed 〈(xn)n∈N, (yn)n∈N〉 = G if and only if 〈xn, yn〉 = Gpn for
every n ∈ N. First we describe the connected components of the graph ∆(G).
Lemma 7. Let x = (xn)n∈N ∈ V (G) and let Ωx be the connected component of
∆(G) containing x. Then y = (yn)n∈N belongs to Ωx if and only if
sup
n∈N
dist∆(Gpn)(xn, yn) <∞.
Proof. Assume that y = (yn)n∈N ∈ Ωx and let m = dist∆(G)(x, y). It follows that
dist∆(Gpn)(xn, yn) ≤ m for every n ∈ N. Conversely assume y = (yn)n∈N ∈ V (G)
with dist∆(Gpn)(xn, yn) ≤ m for every n ∈ N. There is a path
xn,0 = xn, xn,1, . . . , xn,µn = yn,
with µn ≤ m, joining xn and yn in the graph ∆(Gpn). For 0 ≤ i ≤ m, set
x˜n,i =


xn,i if i < µn,
xn,µn if i ≥ µn and m− µn is even,
xn,µn−1xn,µn if i ≥ µn and m− µn is odd.
Then
x = x0 = (x˜n,0)n∈N, x1 = (x˜n,1)n∈N, . . . , y = xm = (x˜n,m)n∈N
is a path joining x and y in the graph ∆(G), so y ∈ Ωx. 
Proposition 8. ∆(G) has 2ℵ0 different connected components.
Proof. Fix x = (xn)n∈N ∈ ∆(G). Let τ be a real number with τ > 1. Since
diam(∆(Gpn)) ≥ 2
n ≥ 1 + ⌊n/τ⌋,
for every n ∈ N there exists yτ,n ∈ Gpn such that dist∆(Gpn)(xn, yτ,n)) = 1+ ⌊n/τ⌋.
If τ2 > τ1, then
dist(yτ2,n, yτ1,n) ≥ dist(xn, yτ2,n)− dist(xn, yτ1,n) = ⌊n/τ1⌋ − ⌊n/τ2⌋
tends to infinity with n, so, by Lemma 7, Ωyτ1 6= Ωyτ2 . 
Proposition 9. Let Ωx be the connected component if ∆(G) containing x. Then
Ωx is a dense subset of V (G), and consequently it is not a closed subset of V (G).
Proof. Let y = (yn)n∈N ∈ V (G) : a base of open neighbourhoods of y consists of
the subsets ∆y,m = {(zn)n∈N | zn = yn for every m ≤ n}, with m ∈ N. By Lemma
7, (y1, . . . , ym, xm+1, . . . , xt, . . . ) ∈ Ωx ∩∆y,m. 
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Lemma 10. If (x1, y1) and (x2, y2) are in the same connected component of Σ2(G),
then x1, y1, x2, y2 are in the same connected component of ∆(G).
Proof. It suffices to prove that if
(α1, β1), . . . , (αu, βu)
is a path in Σ2(G), then the vertices α1, β1, α2, β2, . . . , αu, βu belong to the same
connected component of the graph ∆(G). We prove this claim by induction on u.
The sentence is clearly true when u = 1. Assume u ≥ 2. By induction the vertices
α2, β2, . . . , αu, βu belong to the same connected component of ∆(G); so it is enough
to show that α1, β1, α2, β2 belong to the same connected component. Since (α1, β1)
and (α2, β2) differ for only one entry, either α1 = α2 or β1 = β2. The graph ∆(G)
contains the path β1, α1 = α2, β2 in the first case and the path α1, β1 = β2, α2 in
the second case. 
4. Degrees in the generating graph
Before proving Theorem 1, we briefly recall some necessary definitions and re-
sults. Given a subset X of a finite group G, we will denote by dX(G) the smallest
cardinality of a set of elements of G generating G together with the elements of
X. The following generalizes a result originally obtained by W. Gaschu¨tz [3] for
X = ∅.
Lemma 11 ([1] Lemma 6). Let X be a subset of G and N a normal subgroup of G
and suppose that 〈g1, . . . , gk, X〉N = G. If k ≥ dX(G), then there exist n1, . . . , nk ∈
N so that 〈g1n1, . . . , gknk, X〉 = G.
It follows from the proof of [1, Lemma 6] that the number, say φG,N (X, k),
of k-tuples (g1n1, . . . , gknk) generating G with X is independent of the choice of
(g1, . . . , gk). In particular
φG,N(X, k) = |N |
kPG,N(X, k)
where PG,N (X, k) is the conditional probability that k elements of G generate G
with X, given that they generate G with XN . In particular, if
1 = N0 < N1 < · · · < Nt = G
is a chief series of G, then
φG,N (X, k) =
∏
1≤i≤t
φG/Ni−1,Ni/Ni−1(XNi−1, k).
We apply the previous observations in the particular case when X = {g} with g ∈
V (G) and k = 1. In this case, setting δG/Ni−1,Ni/Ni−1(g) = φG/Ni−1,Ni/Ni−1(gNi−1, 1),
we get
(4.1) δG(g) =
∏
1≤i≤t
δG/Ni−1,Ni/Ni−1(g).
Lemma 12. Let N be a minimal normal subgroup of a finite group G and let
g ∈ V (G). If either N 6≤ Frat(G) or |N | > 2, then δG,N(g) ≥ 2.
Proof. If N ≤ Frat(G), then we have 〈g, xn〉 = G, whenever 〈g, x〉 = G and n ∈ N,
so δG,N(g) = |N |. We may assume N 6≤ Frat(G). We distinguish two cases:
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1) N is abelian. Let q = |EndG(N)| and r = dimEndG(N)N. By [5, Corollary 7],
PG,N(g, 1) ≥
q−1
q , so
δG,N(g) ≥
|N |(q − 1)
q
=
qr(q − 1)
q
= qr−1(q − 1) ≥ 2,
except in the case q = 2 and r = 1.
2) N is non abelian. Choose x such that 〈g, x〉 = G. Since N is non abelian, by the
main theorem in [7], there exists 1 6= n ∈ N such that [g, n] = 1. SinceN∩Z(G) = 1,
it must be xn = x[x, n] 6= x. On the other hand, G = 〈g, x〉 = 〈gn, xn〉 = 〈g, x[x, n]〉,
so the coset xN contains two different elements x and x[x, n] adjacent to g in the
graph ∆(G). This implies δG,N(g) ≥ 2. 
Proof of Theorem 2. Let r be the number of non-Frattini factors of order 2 in a
chief series of G. Since Cr2 is an epimorphic image of G and G can be generated by
2 elements, it must be r ≤ 2. So the conclusion follows combining (4.1) and Lemma
12. 
Lemma 13. Let M be a closed subgroup of a 2-generated profinite group G. If
g ∈ V (G) and 〈g, x〉M = G, then there exists m ∈M such that 〈g, xm〉 = G.
Proof. Let N be the set of the open normal subgroups of G. Given N ∈ N , let
ΩN = {m ∈M | 〈g, xm〉N = G}. It follows from Lemma 11 that ΩN 6= ∅.Moreover
if m ∈ ΩN , then m(N ∩M) ⊆ ΩN and consequently ΩN is a closed subset of M.
If N1, . . . , Nt ∈ N , then ∅ 6= ΩN1∩···∩Nt ⊆ ΩN1 ∩ · · · ∩ ΩNt . Since M is compact,
∩N∈NΩN 6= ∅. Let m ∈ ∩N∈NΩN : since 〈g, xm〉N = G for every N ∈ N , we have
〈g, xm〉 = G. 
Proof of Theorem 1. Let g ∈ V (G) and assume, by contradiction, that δG(g) is
finite. Set u = δG(g). Since G is infinite, there exists an open normal subgroup N
of G with the property that the length t of a chief series of G is equal to ⌈log2 u⌉+3.
By Corollary 2, δG/N (gN) ≥ 2
t−2 = 2⌈log2 u⌉+1 ≥ 2u. This means that there exist
x1, . . . , x2m ∈ G such that x1N 6= · · · 6= x2mN and 〈x1, g〉N = · · · = 〈x2m, g〉 = G.
By Lemma 13, there exist n1, . . . , n2m ∈ N such that G = 〈g, x1n1〉 = · · · =
〈g, x2mn2m〉. This implies u = δG(g) ≥ 2u, a contradiction. 
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